Cooperative Gas Adsorption without a Phase Transition in Metal-Organic Frameworks. by Kundu, Joyjit et al.
Lawrence Berkeley National Laboratory
Recent Work
Title
Cooperative Gas Adsorption without a Phase Transition in Metal-Organic Frameworks.
Permalink
https://escholarship.org/uc/item/2363p85v
Journal
Physical review letters, 121(1)
ISSN
0031-9007
Authors
Kundu, Joyjit
Stilck, Jürgen F
Lee, Jung-Hoon
et al.
Publication Date
2018-07-01
DOI
10.1103/physrevlett.121.015701
 
Peer reviewed
eScholarship.org Powered by the California Digital Library
University of California
Cooperative gas adsorption without a phase transition in metal-organic frameworks
Joyjit Kundu1,2,∗ Ju¨rgen F. Stilck3, Jung-Hoon Lee1,4, Jeffrey
B. Neaton1,4,5, David Prendergast1,† and Stephen Whitelam1‡
1Molecular Foundry, Lawrence Berkeley National Laboratory, Berkeley, CA 94720, USA
2Department of Chemistry, Duke University, Durham, North Carolina 27708, USA
3Instituto de F´ısica and National Institute of Science and Technology for Complex Systems,
Universidade Federal Fluminense, Av. Litoraˆnea s/n, 24210-346 - Nitero´i, RJ, Brazil
4Department of Physics, University of California, Berkeley, California 94720-7300, USA and
5Kavli Energy Nanosciences Institute at Berkeley, Berkeley, California 94720, USA
(Dated: December 15, 2017)
Cooperative adsorption of gases by porous frameworks permits more efficient uptake and removal
than does the more usual non-cooperative (Langmuir-type) adsorption. Cooperativity, signaled by
a step-like isotherm, is usually attributed to a phase transition of the framework. However, the class
of metal-organic frameworks mmen-M2(dobpdc) exhibit cooperative adsorption of CO2 but show
no evidence of a phase transition. Here we show how cooperativity emerges in these frameworks in
the absence of a phase transition. We use a combination of quantum and statistical mechanics to
show that cooperativity results from a sharp but finite increase, with pressure, of the mean length
of chains of CO2 molecules that polymerize within the framework. Our study provides microscopic
understanding of the emergent features of cooperative binding, including the position, slope and
height of the isotherm step, and indicates how to optimize gas storage and separation in these
materials.
Introduction – The release of CO2 into the atmo-
sphere due to the burning of fossil fuels causes climate
change [1], and so it is important to develop technolo-
gies for CO2 capture and storage. Promising candidates
in this regard are metal-organic frameworks (MOFs),
porous crystalline materials with tunable molecular prop-
erties and large internal surface areas [2–7]. In equilib-
rium [8], most gas adsorption within MOFs can be de-
scribed by Langmuir-type adsorption isotherms, in which
the quantity of adsorbed gas varies gradually with pres-
sure or temperature [4, 9–13]. It is technologically more
convenient, however, to have the quantity of adsorbed
gas vary in an abrupt or step-like way with pressure and
temperature. This phenomenon is known as coopera-
tive adsorption, and is exhibited by a small handful of
gas-framework combinations. These include CO adsorp-
tion in Fe2Cl2(bbta) [14], CH4 adsorption in Fe(bdp) [15],
and CO2 adsorption in diamine-grafted MOFs [16, 17],
in MIL-53 [18, 19], and in a bifunctional MOF [20]. Co-
operativity in most of these cases is attributed to a first-
order phase transition [21–26] or a dynamic rearrange-
ment [21, 27] of the framework. Although, it has been
established that CO2 molecules form ammonium carba-
mate chains at high pressures within the class of diamine-
grafted MOFs (mmen-, en-, men-, or den-M2(dobpdc),
where M stands for the metal Mg, Mn, Fe, Co, or Zn),
there exists no evidence of a phase transition or struc-
tural dynamism of the framework. Therefore, it is not
clear why formation of such chains would lead to a step-
like adsorption isotherm, or how to control it.
Here we show how this cooperativity emerges in the
absence of an underlying phase transition. Experimental
studies and quantum mechanical density-functional the-
ory (DFT) calculations had previously revealed that, at
low partial pressure of CO2, the gas molecules are ad-
sorbed as single molecules or as carbamic acid pairs [28].
At high partial pressure, by contrast, CO2 undergoes
chemisorption, by forming one-dimensional ammonium
carbamate chains that run down the channels of the
MOF, along the c-axis [16]. The statistical mechanics
of one-dimensional structures [29] indicates that chain
formation cannot be accompanied by a phase transi-
tion: finite-temperature phase transitions in one dimen-
sion require long-range interactions, and there are no
indications of long-range interactions in the system (ei-
ther direct or mediated by the framework). By mapping
CO2 adsorption in mmen-M2(dobpdc) to an exactly solv-
able statistical mechanical model, parameterized by our
DFT calculations, we show that the mean chain length
of CO2 within the MOF-pores undergoes a sharp change
with pressure, leading to cooperativity in the absence
of an underlying phase transition. Amine-functionalized
MOFs have emerged as one of the best framework types
for CO2 capture and separation because, unusually for
MOFs, they capture CO2 selectively in the presence of
water [16, 17, 30]. Our results provide a microscopic
understanding of cooperativity in these MOFs, and re-
veal strategies for its control. In what follows we de-
scribe our calculations and their implication for optimiz-
ing CO2 capture in experiments.
Model – We start by considering binding geome-
tries and affinities of CO2 within mmen-M2(dobpdc).
CO2 can bind within this class of MOFs as 1) a sin-
gle molecule, 2) a bound (carbamic acid) pair, or 3) as
part of a polymerized (ammonium carbamate) chain of
molecules involving the ligands through its insertion at
the metal sites [16]. Pairs form in the ab-plane [28]; see
Fig. 1(a,b). By contrast, chains are formed parallel to
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FIG. 1. (a) Hexagonal channel of mmen-M2(dobdpc) (where M stands for the metal Mg, Mn, Fe, Co, Zn or Ni). (b) The three
possible conformations of adsorbed CO2 within this class of MOF. (c) Our statistical mechanical models of mmen-M2(dobdpc),
in example configurations.
the c-axis, along any of 6 lanes around the periphery of
the MOF channel, but usually do not interact in the ab-
plane [31]. For mmen-MOF built from the metals Mg,
Mn, Fe, Co, and Zn, experiments and DFT calculations
show that molecules in the chain conformation are lower
in energy than molecules in the single- and pair confor-
mations [16, 28] (see Table I in the SI). Our DFT cal-
culations (see SI Sections S1 and S2) also indicate that
CO2 molecules at the end of a chain are higher in energy
than those in the interior of a chain. Entropically, by con-
trast, the chain conformation is less favorable than the
other two conformations, because a CO2 molecule within
a chain can access less free volume than can a molecule
in the single-molecule or pair conformation.
The thermodynamics of this system can be described
by the equilibrium polymerization model [32], sketched
in Fig. 1(c). This is a lattice model, extended in one di-
mension (corresponding to the c-axis of the MOF). Lat-
tice sites can be vacant, occupied by a single particle (a
CO2 molecule), or occupied by a particle that is a mem-
ber of a pair or a chain of particles. We further distin-
guish chain end sites from chain interior sites. In some
versions of mmen-M2(dobpdc), e.g. where M is Mg or
Mn, the bound-pair binding affinity is small enough, rel-
ative to the chain, that it can be ignored [28] (see Table I
in the SI). In these cases it is sufficient to consider a 1-
lane model, which represents one of the six independent
lanes running along the c-axis. In the presence of the
bound-pair conformation we need to allow finite extent
in the ab-direction. A 6-lane model is then required to
describe all possible CO2 conformations within the 6-lane
MOF channel. We have also considered a 2-lane model,
because the distance between the lanes in some versions
of mmen-M2(dobpdc) is such that the framework is best
described as 3 independent 2-lane structures (i.e. CO2-
pairs can only bridge alternate pairs of lanes). We have
solved the 1-, 2- and 6-lane models exactly. The 1-lane
model captures the basic physics of cooperative binding
in all experiments we consider. The 2-lane and 6-lane
models capture, in addition, fine features of adsorption
isotherms seen in MOFs in which pair-binding is signifi-
cant (see SI Sec. S3 for details).
Model solution – We start with the 1-lane model.
Let the statistical weights for a single bound molecule,
a molecule internal to a chain, and a molecule at either
end-point of a chain be g1W1, gintWint, and gendWend,
respectively. Here gα = VαΛ
−3qinter (α = {1, int, end}).
The factor VαΛ
−3 arises from the configurational parti-
tion sum and is related to the translational entropy of
the adsorbate; Λ is the de Broglie wavelength; and Vα is
the free volume accessible to the adsorbate in the confor-
mation α [21]. The factor qinter is the partition sum of
CO2 due to its internal degrees of freedom [33]. These
statistical weights can be related to the energy of a par-
ticle in conformation α via Wα = exp[β(µ−Eα)], where
β ≡ 1/(kBT ), and µ is the chemical potential, set by the
pressure P of CO2 in the bulk. We convert µ to P us-
ing the ideal gas relation for a linear triatomic molecule,
eβµ = βPΛ3/qinter [34]. To simplify notation we define
Kα ≡ gαWα. We then have Kα = βPVαe−βEα [35].
We set V1 = 500 A˚
3, Vint = Vend = 11A˚
3 using simple
geometric arguments (see SI Sec. S4): the single bound
CO2 molecule has orientational entropy associated with
the corresponding diamine, while CO2 in the chain con-
3FIG. 2. Isotherms calculated from our model of mmen-M2(dobpdc) (lines) versus experimental data (symbols). In left-hand
panels the model is parameterized using quantum mechanical data, and captures the sharp isotherm, and trend in step pressure
with temperature, seen in experiment [16]. In right-hand panels we use the experimental binding enthalpy values, where
available, to identify the model parameter Vint that gives the best match with experimental data; see SI Table II (for Ni, we
vary the parameter Ed to obtain the best-fit; see SI Sec. S5). For Mg and Mn we can ignore the pair conformation, which is
energetically disfavored, and use the 1-lane model. The other panels are derived from the 6-lane model, which accounts for
pair binding. Here the model parameters E1, Ed, and Eint are taken from Table I in the SI; V1 = 500A˚ and Vd = 75A˚.
formation is almost frozen.
The grand partition function is
Z =
∑
{n1,nint,nend}
Kn11 K
nend
end K
nint
int Γ(n1, nint, nend), (1)
where Γ is the number of ways of arranging n1 single
CO2 molecules, nint internal chain molecules and nend
chain end-points on a 1d lattice with N sites (see Eq. S4
in the SI). To solve this model one can introduce the
restricted partition functions ZuN and Z
p
N for a system of
N lattice sites that possesses an external edge (connected
to a notional (N + 1)th site) [32]. This external edge is
specified to be, respectively, unpolymerized (not within a
chain conformation) or polymerized (internal to a chain).
ZuN+1 and Z
p
N+1 can be expressed in terms of Z
u
N and
ZpN as ZN+1 = TZN , where Z =
(
Zu
Zp
)
and T is the
transfer matrix,
T =
(
1 +K1 Kend
Kend Kint
)
. (2)
Using the boundary conditions Zu1 = 1 + K1 and Z
p
1 =
Kend we can write Z
u
N =
(
1 0
)
TN
(
1
0
)
. The partition
function can then be expressed as [32]
ZuN =
λN+ (1 +K1 − λ−) + λN1 (λ+ − 1−K1)
λ+ − λ− , (3)
in terms of the eigenvalues λ± of T , where
2λ± = 1+K1 +Kint±
√
(1 +K1 −Kint)2 + 4K2end. (4)
In the thermodynamic limit the free energy is f =
−kBT lnλ+ which has a singularity (and so admits a
phase transition) only in the experimentally inaccessible
limit in which chain end-points are energetically infinitely
unfavorable (Kend = 0, with 1 +K1 = Kint). For experi-
mental parameters the free energy is analytic, and so no
phase transition occurs.
Model-experiment comparison – Despite the absence of
a phase transition, the isotherm of adsorbed CO2 versus
pressure displays a sharp step (when Kint > K1,Kend)
similar to those seen in experiment; see Fig. 2. To convert
lattice-site occupancies ρ = P (∂f/∂P ) to experimental
units we multiply our calculated density by the theoreti-
cal maximum uptake capacity (qM) of the MOF for each
M. The values of qM are listed in Table III in the SI. For
each metal, the isotherms in the left-hand panels in Fig. 2
are generated from first principles, using binding energies
and enthalpies obtained by DFT calculations (Table I in
the SI), while the right-hand panels contain experimen-
tal data. The comparison shows that a combination of
quantum and statistical mechanics, with no experimental
input, can reproduce the sharp step seen in experimen-
tal isotherms, and can capture the trend in step-pressure
with temperature.
For the metals Mg and Mn, considered in Fig. 2(a,b),
we use the 1-lane model, because pair-binding is energet-
ically disfavored. For the other metals we use the 6-lane
model (detailed in SI Sec. S3), because the bound-pair
conformation, characterized by binding energy Ed and
free volume Vd, is free-energetically significant (Table I
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FIG. 3. (a) Chain-length distribution r` at different pressures for Mn at 313 K. (b) Mean chain length 〈`〉 as a function of
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a given internal chain-monomer energy Eint.
in the SI). Note that the isotherm for Nickel (panel (f))
has no sharp step, because chain polymerization does not
occur, at least, at those pressures.
The basic physics of adsorption in all cases is captured
by the simple considerations described above. In the
right-hand panels of Fig. 2 we show that additional fine
features of binding, such as the rise of isotherms before
and after the step, can be captured by including within
the model two additional physical ingredients, namely
the existence of secondary binding sites, and of a dif-
ferent mode of monomer binding. Details of these cal-
culations are given in SI Sec. S5. Thus the model can
provide insight into both the basic physics and the fine
details of cooperative binding (e.g. the occupancy of dif-
ferent species as a function of pressure, measurable in
NMR experiments; see Fig. S1).
Origin of cooperative binding – The microscopic origin
of the step in adsorption isotherms is a sudden but finite
increase, with pressure, of the mean length of chains of
CO2. To demonstrate this fact we calculate the chain-
length distribution exactly, using the transfer matrix
technique [36], as described in SI Sec. S6. The fraction of
chains of length `, r`, can be expressed in terms of den-
sities of chain-internal monomers (ρint) and end-points
(ρend), as
r` =
ρend
ρend + 2ρint
exp[−(`− 2)/`0], (5)
where `0 ≡ −1/ ln [2ρint/(ρend + 2ρint)]; ρend =
2K2endω(1−ωKint)/D; ρint = K2endω(ωKint)/D; D = (1+
K1)(1−ωKint)2 +K2endω(2−ωKint); and ω ≡ 1/λ+. The
average chain length is 〈`〉 = 2 + ρend`20/(ρend + 2ρint).
From Eq. (5) we see that the chain-length distribu-
tion for the 1-lane model decays exponentially at all pres-
sures, including at the step pressure P ∗ (which satisfies
d2ρ/dP 2|P∗ = 0). In Fig. 3(a) we plot the chain-length
distribution r` for Mn. In panel (b) we plot the mean
chain length 〈`〉, as a function of pressure, for differ-
ent metals at 313 K. CO2 molecules undergo polymer-
ization beyond a threshold pressure, leading to a sharp
(but finite) increase of the mean chain length. This sharp
increase results in the step-like feature of the isotherm
(Langmuir-type behavior is recovered when K1 & Kint).
The rise is rather gradual when chain-end points are en-
ergetically equivalent to internal points (see SI Fig. S5).
In the infinite-pressure limit the mean chain length tends
to a finite value 〈`〉∞ (given by Eq. (S15) in the SI). For
Mg and Mn at 313 K, for instance, 〈`〉∞ ≈ 53 µm and
22 µm, respectively (the typical grain size in experiments
is ∼ 10 µm [16]).
In Fig. 3(c) we show that the bond-bond correlation
length (the distance over which fluctuations of bond oc-
cupancies are correlated) displays a (non-diverging) max-
imum at the step position (see SI Sec. S7). The behavior
shown Fig. 3 looks superficially like a phase transition,
but it is not: both the mean length of chains and the
bond-bond correlation length remain finite.
Conclusions – We have shown that cooperative
CO2 adsorption in the class of diamine-grafted metal-
organic frameworks arises from an abrupt polymeriza-
tion of CO2 molecules into long chains within the chan-
nels of the framework in the absence of a phase transi-
tion. Our calculations using a classic model of statisti-
cal mechanics [32], parameterized by quantum mechan-
ical calculations, provide microscopic understanding of
each feature of the cooperative isotherm, and so indicate
how to alter these features for experimental convenience.
For instance, the adsorption isotherm can be made more
5abrupt by increasing the penalty for chain end-points (see
Fig. S5). In addition, understanding of cooperativity
in these systems suggests ways of inducing cooperativ-
ity in gas-framework combinations in which it is absent
(e.g. mmen-Ni2(dobpdc)), by e.g. introducing additional
binding agents (see SI Sec. S5 and Fig. S6).
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DENSITY-FUNCTIONAL THEORY CALCULATIONS
In order to compute binding energies of CO2 gas molecules, we optimize mmen-M2(dobpdc) MOFs without
CO2 molecules (Emmen−MOF), CO2 in the gas phase (ECO2) within a 15A˚ × 15A˚ × 15A˚ cubic supercell, and mmen-
M2(dobpdc) MOFs with CO2 molecules (ECO2−mmen−MOF) using vdW-corrected DFT. The binding energies (EB)
are obtained via the difference
EB = ECO2−mmen−MOF − (Emmen−MOF + ECO2). (S1)
We also consider zero-point energy (ZPE) and thermal energy (TE) corrections to compare computed binding en-
ergies with experimentally determined CO2 heats of adsorption, following a previous DFT study [39]. We calculate
vibrational frequencies of bound mmen and CO2-mmen in the framework and free mmen and CO2-mmen molecules
within a 15A˚ × 15A˚ × 15A˚ cubic supercell. Here we assume that phonon mode changes of the framework are small
relative to those in molecular modes. All ZPE and TE corrections are obtained at 298 K.
We have estimated the CO2 binding energies for chains of different lengths: (i) two, (ii) three, and (iii) four in the
1×1×4 supercell of mmen-Mg2(dobpdc). In the case of length four, it is very close to a fully-occupied chain (periodic)
since the calculations are performed in the 1×1×4 supercell. In fact the CO2 binding energy (−65 kJ/mol) in a chain
of length four is about 10 kJ/mol smaller than that of the unit-cell (−75 kJ/mol; without ZPE and TE corrections).
This is because we fully relaxed the volume of the unit-cell while we did not relax the supercell when we computed
the CO2 binding energies within short chains. In addition, we merely consider one channel of mmen ligands in the
1×1×4 supercell of mmen-Mg2(dobpdc). If we consider other channels of mmen ligands and relax the volume we get
the same value as that of the unit-cell. As listed in Table I, the average CO2 binding affinity increases with the chain
length. We also compute the binding energy of a single bound CO2 within mmen-Mg2(dobpdc), as shown in Table I
a. If the CO2 molecule is not directly bound to the metal, its binding energy should not depend on the metal-type.
To quantitatively understand the cooperative CO2 capture mechanism, we perform ab-initio density functional the-
ory (DFT) calculations within the generalized-gradient approximation (GGA) of Perdew, Burke, and Ernzerhof
(PBE) [40]. We use a plane-wave basis and projector augmented wave (PAW) [41, 42] pseudopotentials with the
Vienna ab initio Simulation Package (VASP) [43–46]. To assess the effect of the van der Waals (vdW) interaction on
binding energies, we perform structural relaxations with corrections (vdW-DF2) for the vdW dispersion interaction
as implemented in VASP [47]. For all unit-cell calculations, Brillouin zone integrations are approximated using the
Γ-point only, and we truncate the plane-wave basis using a 600 eV kinetic energy cut off. We explicitly treat 2 valence
8electrons for each Mg (3s2), 7 for Mn (3d54s2), 8 for Fe (3d64s2), 9 for Co (3d74s2), 12 for Zn (3d104s2), 6 for O
(2s22p4), 5 for N (2s22p3), 4 for C (2s22p2), and 1 for H(1s1). To compute the CO2 binding energies for chains of
different lengths, we use a plane-wave cut off of 500 eV and adopt a 1×1×4 supercell of mmen-Mg2(dobpdc). We only
consider one channel of mmen ligands and relaxed the ions until the forces on them are less than 0.04 eV/A˚ while fixing
the lattice parameters. The lattice parameters of the supercell are obtained from the fully-relaxed mmen-Mg2(dobpdc)
unit-cell.
BINDING ENERGIES AND OTHER MODEL-PARAMETERIZATION DATA
(a) Single bound CO2 (this work): -22.6
(b) Pair [28]
M Mg Mn Fe Co Zn Ni
DFT −45.8 −42.5 −43.1 −46.5 −42.6 −47.2
(c) Interior of a chain
M Mg Mn Fe Co Zn Ni
Experiment [16] −71.0 −67.0 −58.0 −52.0 −57.0 −
DFT [28] −69.4 −66.8 −57.7 −50.8 −50.8 −46.4
DFT (this work) −73.2 −67.5 −55.5 −52.4 −60.1 −
(d) Chain with endpoints (this work)
Chain length 2 3 4
Binding energy −35.0 −44.6 −65.1
TABLE I. Binding affinity (in kJ/mol) per CO2 molecule (a) of a single molecule bound at the free end of an mmen ligand, (b)
of a carbamic acid pair, (c) in the interior of a chain, and (d) for short chains in case of mmen-Mg2(dobpdc) (including chain
end-points, e.g. a chain of length four has two end monomers and two internal monomers). By comparing (c) and (d), we set
the binding enthalpy of CO2 molecules at the end of a chain as Eend ≈ 0.8Eint. The question whether chain conformation in
mmen-Ni2(dobpdc) is stable requires further investigation. Zero-point energy (ZPE) and thermal energy (TE) corrections of
CO2-mmen and mmen ligands are considered (for our measurements) in case of chain-interior sites. All ZPE and TE values
are obtained at 298 K.
M Mg Mn Fe Co Zn Ni
Best fit 11.0 5.1 6.8 27.4 9.8 11.0
TABLE II. Best-fit value of Vint (A˚
3) for different metal types.
THE 2-LANE MODEL AND THE 6-LANE MODEL
First, we start with the construction of the transfer matrix for the 2-lane system. Denote left and right lanes by L
and R. Define the restricted partition function ZL,s1;R,s2N for two lanes of length N with an external bond in each
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FIG. S1. Occupancy of different species as a function of pressure for mmen-Co2(dobpdc) at 313 K derived from the 6-lane model.
Here, we consider adsorption at secondary binding sites, and use experimental binding enthalpy for the chain conformation along
with the best-fit value of Vint (see Sec. ): E1 = −40.5 kJ/mol, Ed = −46.5 kJ/mol, Eint = 52.0 kJ/mol, and Vint = 27.4 A˚3.
lane, specified to be s1, s2 = u (unpolymerized) or p (polymerized). Then we can write,
ZL,u;R,uN+1
ZL,u;R,pN+1
ZL,p;R,uN+1
ZL,p;R,pN+1

=

1 + 2K1 +K
2
1 +K
2
d Kend(1 +K1) Kend(1 +K1) K
2
end
Kend(1 +K1) Kint(1 +K1) K
2
end KintKend
Kend(1 +K1) K
2
end Kint(1 +K1) g
2KintKend
K2end KintKend KintKend K
2
int


ZL,u;R,uN
ZL,u;R,pN
ZL,p;R,uN
ZL,p;R,pN

, (S2)
where the statistical weights of a CO2 molecule in the single-bound conformation, in the pair (or dimer) conformation,
as a part of chain-interior and chain end-points are given by K1, Kd, Kint, and Kend respectively. In the thermody-
namic limit the free energy is given by the logarithm of the largest eigenvalue of the matrix shown in Eq. (S2). In
this case, we can solve the largest eigen value and hence the free energy exactly. From the free energy, we calculate
all the important thermodynamic quantities.
For the 6-lane model with periodic boundary condition along the transverse direction (which behaves in all important
respects like the 2-lane model) the calculation proceeds in an analogous way, yielding a 26 × 26-dimensional transfer
matrix. Here we explain the elements of the transfer matrix. Chains are placed on the edges along the horizontal
direction and pairs or dimers have transverse orientation, thus connecting two adjacent lanes (see Fig. S2). The states
which define the transfer matrix are given by the configurations of sets of horizontal edges, such as the ones crossed
by the dashed lines in Fig. S2, which may be empty or occupied by a bond of a chain. In the figure, the state of
the left set of horizontal edges crossed by the first dashed line is < i| = (0, 0, 1, 1, 0, 0), while the corresponding state
of the next set of horizontal edges crossed by the second dashed line is < i + 1| = (0, 1, 0, 1, 0, 0). Here, 0 denotes
an edge that is not a part of a chain, 1 denotes that the edge is a part of a chain. The contribution to the transfer
matrix element (Ti,i+1) due to this particular pair or dimer configuration (one pair) is (1 + K1)K
2
dKintK
2
end, since
the remaining site may either be empty or occupied by a single-CO2. Thus, each element of the transfer matrix is
a polynomial in the statistical weights. The particular element we are considering (Ti,i+1) has another contribution,
with no dimer, which is (1+K1)
3KintK
2
end. Thus, < i|T |i+1 >= Ti,i+1 = 2(1+K1)K2dKintK2end +(1+K1)3KintK2end
(total six sites– three of them are occupied by chains; the remaining three sites we can either have one pair and
10
FIG. S2. Part of the 6× L lattice. The dashed lines cross the edges which define the states of the transfer matrix.
one single-CO2 or no pairs and three single-CO2 molecules; the factor of 2 is the multiplicity of the configuration
with a single pair). In a compact form, the contribution from a configuration with j number of pairs, k number of
chain-interior sites, and ` number of chain end-points is i(1 + K1)
6−2j−k−`K2jd K
k
intK
`
end, where i is the multiplicity,
and (6− 2j − k− `) is the number of remaining sites that may either be empty or occupied by single-CO2 molecules.
Hence, there are total 26 possible states–(η1, η2, . . . , η6) where ηi = 0 or 1, so that < 1| = (0, 0, 0, 0, 0, 0), < 2| =
(0, 0, 0, 0, 0, 1), < 3| = (0, 0, 0, 0, 1, 0), . . . , < 64| = (1, 1, 1, 1, 1, 1). This leads to a transfer matrix of size 26 × 26.
One can compute all the matrix elements exactly, and calculate the largest eigenvalue numerically. For example,
T1,1 = (1 +K1)
6 + 6(1 +K1)
4K2d + 9(1 +K1)
2K4d + 2K
3
d.
ESTIMATION OF FREE VOLUMES
As discussed in the main text, CO2 can be adsorbed in three different conformations– as a single-bound molecule, as
a part of a bound (carbamic acid) pair, or as a part of a (ammonium carbamate) chain. Here, we estimate the free
volume accessible to a CO2 molecule in each conformation using very crude geometric arguments. In the single-bound
conformation, the ligand along with the physisorbed CO2 molecule possesses orientational and conformational degrees
of freedom. The ligand with a bound CO2 can roughly access a free volume of a hemispherical shell with radius ∼
2.3−6.3A˚ (typical euclidean distance between the metal site and CO2 considering various conformations). Thus we set,
V1 =
1
2
4
3pi(6.3
3−2.33) ≈ 500A˚3. In the pair conformation, each CO2 molecule along with the ligand can access roughly
the volume of half of a ring with radius 5.5−6.5A˚ (typical distance of the pair from the surface of the framework) and
width ∼ 4A˚ (wiggle room of CO2 molecules with in the pair conformation). We set, Vd = 12pi(6.52− 5.52)× 4 ≈ 75A˚3.
The chain conformation is almost frozen and allows a very small free volume. A chemisorbed CO2 molecule within
a chain can access roughly the volume of half of a ring with radius 1.8 − 2.8A˚ and width 1.5A˚ (wiggle room of a
CO2 molecule with in a chain). We set Vint = Vend =
1
2pi(2.8
2 − 1.82) × 1.5 ≈ 11A˚3. It is worth noting that, for
a step-like isotherm, Vint plays the most significant role in determining the step-position (see Fig. S3). The values
of V1 and Vd only affect the rise of the isotherm at low pressure before the step. Their effect is negligible if the
chain conformation is energetically much more favorable. In the case of physisorbed CO2 molecules at the secondary
binding sites, each molecule can access roughly the volume of a hemispherical shell with radius ∼ 1.9−3.8A˚ (distance
between the binding site and CO2). Thus, we choose, Vsec =
1
2
4
3pi(3.8
3 − 1.93) ≈ 100A˚3. These measurements do not
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FIG. S3. Dependence of the step-position on Vint: Isotherms obtained from the 1-lane model for mmen-Mn2(dobpdc) at 313 K
for different values of Vint. Here, E1 and Eint are fixed to our calculated values (Table I).
take into account all the possible conformations of the ligands, and likely underestimate the conformational entropy,
but overestimate the free volume, due to the neglect of strong steric effects present in the real system. Deviations
from these estimated values do not change the qualitative feature of the isotherms.
CAPTURING FINE DETAILS OF ISOTHERMS
In the main text we focus on describing the basic physics of cooperative binding, which is captured by a simple
one-lane statistical mechanical model. Here we show, in addition, that fine features of isotherms, such as the rise
before and after the sharp step can be captured by considering the 2- or 6- lane models. For some metals, in addition,
we show that reproduction of these features requires inclusion of secondary binding sites and a different mode of
monomer binding within the model.
For mmen-M2(dobpdc) built with the metals M = Fe, Co, or Zn, the bound-pair conformation is energetically
significant, and thus we solve the 6-lane (and the 2-lane) system by generalizing the transfer matrix formalism
presented in the main text. Although the basic physics of cooperative adsorption in these frameworks is captured by
the 1-lane model, which ignores the pair conformation, the experimental system is more closely represented by the 2-
or 6-lane model (the 1-lane model ignores the pair conformation).
Here, we introduce statistical weights of a CO2 in the pair (dimer) conformation, Kd = gdWd = gde
−β(Ed−µ). Ed
represents the binding energy of CO2 in the pair conformation, and gd = Vd/Λ
3, where Vd(≈ 75A˚3) is the free volume
accessible to a CO2 molecule in that conformation. For an n-lane system, the transfer matrix is of dimension 2
n× 2n,
and the largest eigenvalue can be solved exactly or numerically (see Sec. ). The 6-lane model behaves in all important
respects like the 2-lane model.
Isotherms derived from the 6-lane model are shown in Fig. 2 (c–f) in the main text, and match key features (shape,
scaling of the step-position with temperature) of the experimental data. The step-shaped isotherms are similar to
those of the 1-lane model, with additional corrections at low pressure (before the step) that results from pair-binding
(noticeable in case of Co: Fig. 2 d left panel in the main text). The 1-lane model fails to capture this feature when
the single-CO2 molecules have significantly low binding affinity. Within the current DFT-based energetics, we do not
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see a prominent slow rise of the isotherm before the step feature for Fe, and Zn in contrast to the experimental data.
We find that the step-position is sensitive to statistical weights of chain-interior sites (see Fig. S3) and we cannot get
quantitative agreement with the experiments using a unique value of Vint given the energetics. We shall come back
to this issue in the next paragraphs.
The case of Ni is slightly more subtle. Using the DFT energetics shown in Table I we find that the Ni-based framework
shows no sharp step in its isotherm, reproducing the experimental observation [16]. Here the chain conformation is no
longer statistically the most favorable one. However, we see an inflection point at low pressure in the isotherm for Ni
that seems to be absent in experiment (see Fig. 2 f in the main text). The microscopic origin of this inflection point
is the very low probability of the single-bound molecules compared to the pairs. The experimental heat of adsorption
curve for Ni exhibits a very different feature than the other metals– it shows a single plateau at ≈ −40 kJ/mol at high
loading [16]. Interestingly, we find that only with a larger binding affinity for the single-CO2 conformation (≈ −40.5
kJ/mol) does the inflection point disappear Fig. S4. Here, we propose that there might exist some other single-bound
species (e.g. chains of length one) that are energetically comparable with pairs. This does not have any noticeable
effect on the position or slope of the step if it exists. Alternatively, the step-like feature may also disappear if the
statistical weight of the adsorbate at the chain-interior and at the chain end-points are similar (see Fig. S7 d).
Our model can be used to determine how to use microscopic parameters to control gas-uptake isotherms. For instance,
one can enhance cooperativity by making the chain end-points less favorable as this leads to a sharper step (see
Fig. S5). The isotherm for mmen-Ni2 (dobpdc) shown in Fig. 2 f (in the main text) is non-cooperative. It can be
made cooperative by enhancing the effective binding affinity of CO2 within a chain, as shown in Fig. S6. We check
this by scaling the statistical weights for chain binding, Kend and Kint, by a factor 1 + Ksec, leading to energetic
stabilization of chains through an additional species that doesn’t compete with CO2 for primary binding sites. We
can write Ksec = gsece
−β(∆E−µ), where gsec = Vsec/Λ3 (Vsec is the free volume accessible to that additional species
in the bound state) and predict the required binding-affinity enhancement ∆E to induce cooperativity (i.e., a step)
at a suitable pressure. There may be several possible ways of engineering such enhancement. For instance, mmen-
M2(dobpdc) is known to exhibit enhanced CO2 uptake in the presence of H2O [48], which is striking as water competes
with CO2 for binding sites in most MOFs [37, 38, 48]. This factor of 1+Ksec can also be regarded as a way of modeling
the existence of adsorption at secondary binding sites. In experiments (see Fig. 2 in the main text), a slow rise of the
isotherms after the step is sometimes observed with increasing pressure, which indicates the existence of secondary
binding sites.
Finally, considering a different mode of monomer binding as discussed and adsorption at the secondary binding sites,
we can reproduce all the features of the experimental isotherms: the rise of the isotherms at low pressures (even in
the case of Fe, Zn); the step; followed by the rise of the isotherm at high pressures due to physisiorption of CO2 at
secondary binding sites (we set the CO2-binding energy at the secondary binding sites as Esec ≈ −42.0 kJ/mol, and
the corresponding free volume Vsec ≈ 100A˚3)– see Fig. 2 (in the main text) right panels for all metals. Here, we use
the experimental Eint values and set the values of Vint such that the step-position (if it exists) matches with that of
the experimental isotherms (see Tables I and II). The discrepancy of the maximum uptake (after the step) may result
from the defects in the experimental system where all the primary binding sites are inaccessible to CO2 [3]. For Ni,
we use the DFT-based binding affinity (as the experimental data is not available) for the chain conformation; tune
the pair binding energy and set Ed ≈ −44.9 kJ/mol as the best-fit value.
In conclusion, we attribute the rise of the isotherm at low pressures to the pairs or the predicted single-CO2 conforma-
tion; the existence of the step to the formation of long chains (the step position is controlled by the binding energy of
chain-interior sites); and the slow rise of the isotherm at very high pressures to adsorption at secondary binding sites.
There exists no direct proof of the existence of the pair conformation. Even without the pairs, however, the existence
of a possible different mode of single-CO2 binding is sufficient to reproduce all the fine features of the experimental
isotherms with the 1-lane system (see Fig. S7). The existence of this predicted new mode of monomer binding can
be tested with extensive DFT calculations.
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CHAIN-LENGTH DISTRIBUTION FOR THE 1-LANE MODEL
The grand partition function of the system is given by
Z =
∑
{n1,nint,nend}
Kn11 K
nend
end K
nint
int Γ(n1, nint, nend), (S3)
where
Γ(n1, nint, nend) =
(N − nint − nend/2)!
(N − n1 − nint − nend)!(nend/2)!n1!
(nend/2 + nint − 1)!
(nend/2− 1)!nint! (S4)
is the number of ways of arranging n1 single CO2 molecules, nint internal chain molecules and nend chain end-points
on a 1d lattice with N sites. Here, we do not distinguish between different chain-interior sites.
To determine the chain-length distribution for the 1-lane model, we introduce position-dependent statistical weights
for internal chain monomers, as shown in Fig. S8. The weights of the internal chain monomers starting from the
left-hand side are denoted Kint;1, Kint;2, etc. The terminal chain monomers have weight Kend. Bonds internal to the
chain are denoted η = 1, 2, . . . , counting from the left. For bonds not occupied by chains we set η = 0. To write down
the transfer matrix for this case, we again define the restricted partition functions ZηN . This is the partition function
for a system of N sites, with an edge added to the outside of the N th site with bond variable η.
The restricted partition functions satisfy
Z0N+1
Z1N+1
Z3N+1
Z4N+1
...

=

1 +K1 Kend 0 0 . . .
Kend 0 Kint;1 0 . . .
Kend 0 0 Kint;2 . . .
Kend 0 0 0 . . .
...
...
...
...
...


Z0N
Z1N
Z3N
Z4N
...

, (S5)
where T is the matrix shown. The secular equation can be obtained by calculating the determinant |T − λI|, and is
− 1 + 1
λ
+
K1
λ
+
(
Kend
λ
)21 + ∞∑
i=1
1
λi
i∏
j=1
Kint;j
 = 0. (S6)
The density of internal monomers in the mth position is
ρchm =
Kint;m
λ
∂λ
∂Kint;m
. (S7)
Differentiating both sides of Eq. (S6) and setting Kint;1 = Kint;2 = · · · = Kint gives
ρchm =
K2endω(1− ωKint)
(1 +K1)(1− ωKint)2 +K2endω(2− ωKint)
(ωKint)
m, (S8)
0 0 1 2 3 4 5 6 7 0
Ke KeKin;1 Kin;2 Kin;3 Kin;4 Kin;5 Kin;6
FIG. S8. Construction used to calculate the chain-length distribution for the 1-lane model. The figure shows a chain of length
8 with two end-points and 6 internal monomers. The numbers over the bonds are the variables η, mentioned in the text
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where ω ≡ 1/λ+ (see Eq. (4)). When all internal monomers are equivalent, the densities of end-point chain monomers
(ρend), internal chain monomers (ρint) and single bound CO2 molecules (ρ1) may be obtained taking the derivative
of Eq. (S6) with respect to Kend, Kint and K1 respectively. Doing so gives
ρend =
2K2endω(1− ωKint)
(1 +K1)(1− ωKint)2 +K2endω(2− ωKint)
, (S9)
ρint =
K2endω(ωKint)
(1 +K1)(1− ωKint)2 +K2endω(2− ωKint)
, (S10)
ρ1 =
K1(1− ωKint)2
(1 +K1)(1− ωKint)2 +K2endω(2− ωKint)
. (S11)
Using (S9) and (S10), one may rewrite (S8) in terms of the densities of terminal and internal chain monomers as
ρchm =
ρend
2
(
2ρint
ρend + 2ρint
)m
. (S12)
Now we can compute the fraction of chains of length ` (`− 2 internal monomers):
r` =
2
ρend
(
ρch`−2 − ρch`−1
)
= (ωKint)
`−2(1− ωKint)
=
(
Kint
λ+
)`−2(
1− Kint
λ+
)
=
(2Kint)
`−2
[
1 +K1 −Kint +
√
(1 +K1 −Kint)2 + 4K2end
]
[
1 +K1 +Kint +
√
(1 +K1 −Kint)2 + 4K2end
]`−1 .
(S13)
We may also rewrite Eq. (S13) in terms of ρend and ρint as
r` =
ρend
ρend + 2ρint
(
2ρint
ρend + 2ρint
)`−2
. (S14)
In the limit P →∞ the mean chain length approaches the asymptotic value
〈`〉∞ = 2Vinte
−βEint
V1e−βE1 − Vinte−βEint +
√
(V1e−βE1 − Vinte−βEint)2 + 4V 2inte−2βEend
+ 2; (S15)
note that Kα = βPVαe
−βEα .
CORRELATIONS IN 1× L MODEL
The transfer matrix for a single lane is
T =
(
1 +K1 Kend
Kend Kint
)
. (S16)
When the weight of endpoint monomers Kend vanishes, the matrix is diagonal and the eigenvalues are λ1 = 1 + K1
and λ2 = Kint. The eigenvectors are:
φ1 =
(
1
0
)
, (S17)
φ2 =
(
0
1
)
, (S18)
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respectively. If the lattice edge i is occupied by a bond, the state variable ηi = 1, otherwise we have ηi = 0. We will
consider periodic boundary conditions here. We may then define the expectation values 〈ηi〉 and 〈ηiηj〉, where we
assume j > i. The bond-bond correlation function will the be ci,j = 〈ηiηj〉 − 〈ηi〉〈ηj〉. Since we have translational
symmetry, 〈ηi〉 = 〈η〉, independent of i, and ci,j is a function of the distance j − i. For vanishing Kend, we have
〈η〉 = 0 if 1 +K1 > Kint and 〈η〉 = 1 if 1 +K1 < Kint, while ci,j vanishes identically.
When the weight of endpoint monomers does not vanish, the eigenvalues are λ1 = (K + 2Kint +
√
K2 + 4K2end)/2
and λ2 = (K + 2Kint −
√
K2 + 4K2end)/2, where K = 1 +K1 −Kint. The eigenvectors are
φ1,2 =
1√
1 + a21,2
(
1
a1,2
)
, (S19)
where a1 = 2Kend/
(
K +
√
K2 + 4K2end
)
and a2 = 2Kend/
(
K −√K2 + 4K2end). The partition function for a lattice
with N sites is:
ZN =
∑
{η}
N∏
i=1
T (ηi, ηi+1) =
∑
η1=0,1
TN (η1, η1) = λ
N
1 + λ
N
2 , (S20)
where ηN+1 = η1 because of the boundary conditions. The density of bonds per site is:
〈η〉 = 1
ZN
∑
η1=0,1
η1T
N (η1, η1) =
1
ZN
TN (1, 1). (S21)
Now, we have:
T s(η, η′) =
∑
i=1,2
λsiφi(η)φi(η
′), (S22)
so that:
〈η〉 = 1
λN1 + λ
N
2
∑
i=1,2
λi
a2i
1 + a2i
, (S23)
and
〈η1ηk〉 = 1
ZN
∑
{η}
η1T (η2, η2) . . . T (ηk−1, ηk)ηkT (ηk, ηk+1) . . . T (ηNη1) =
1
ZN
T k−1(1, 1)TN−k+1(1, 1) =
1
λN1 + λ
N
2
∑
i=1,2
λk−ii
a2i
1 + a2i
∑
i=1,2
λN−k+1i
a2i
1 + a2i
 . (S24)
In the thermodynamic limit N →∞, since λ1 > λ2, we have
〈η〉 = a
2
1
1 + a21
, (S25)
and
〈η1ηk〉 =
(
a21
1 + a21
)2
+
a21a
2
2
(1 + a21)(1 + a
2
2)
(
λ2
λ1
)k−1
. (S26)
Therefore, the correlation function is:
ci,j =
a21a
2
2
(1 + a21)(1 + a
2
2)
exp
(
−j − i
ξ
)
, (S27)
where the correlation length is:
ξ =
1
ln(λ1/λ2)
. (S28)
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M CO2 capacity (mmol/g)
Mg 4.040
Mn 3.595
Fe 3.583
Co 3.544
Zn 3.465
Ni 3.547
TABLE III. Maximum CO2 uptake capacity of mmen-Mg2(dobpdc), assuming one CO2 per metal-diamne [16].
